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NON-ARCHIMEDEAN PSEUDODIFFERENTIAL OPERATORS
AND FELLER SEMIGROUPS
ANSELMO TORRESBLANCA-BADILLO AND W. A. ZU´N˜IGA-GALINDO
Abstract. In this article we study a class of non-Archimedean pseudodiffer-
ential operators whose symbols are negative definite functions. We prove that
these operators extend to generators of Feller semigroups. In order to study
these operators, we introduce a new class of anisotropic Sobolev spaces, which
are the natural domains for the operators considered here. We also study the
Cauchy problem for certain pseudodifferential equations.
1. Introduction
The interplay between pseudodifferential operators and stochastic processes con-
stitutes a classical area of research in the Archimedean setting see e.g. [12]-[14],
[20] and the references therein, and in the non-Archimedean one, see e.g. [15], [16],
[22], [23], [25], [26], [27], and the references therein.
This article aims to study a class of non-Archimedean pseudodifferential op-
erators having negative definite symbols, which have attached Feller semigroups.
These operators have the form
(A (∂)ϕ) (x) = −F−1ξ→x (a (ξ)Fx→ξϕ)
where ϕ : Qnp → C is a test function, Qp is the field of p-adic numbers, Fx→ξ
denotes the Fourier transform, and the symbol ξ → a (ξ) is a negative definite func-
tion, for x ∈ Qnp and t ∈ R+. A typical example of such symbols are functions of the
form
∑m
j=1 bjψj (ξ), where the ψj : Q
n
p → R+ are radial (i.e. ψj (ξ) = ψj (||ξ||p)),
continuous, negative definite functions and the coefficients bj are positive real num-
bers. In the non-Archimedean setting there exist ‘exotic’ negative definite functions
such as exp
(
exp
(
exp
∑∞
j=0 aj ‖ξ‖
αj
p
))
where
∑∞
j=0 ajy
αj is a convergent real se-
ries with aj > 0, αj > 0 and limj→∞ αj =∞, see Lemma 1. This type of functions
do not have Archimedean counterparts.
Let P (∂) denote a pseudodifferential operator whose symbol is a negative definite
function p (ξ). We introduce a new class of function spaces Bψ,∞ (R) attached to a
negative definite function ψ related to p (ξ). These spaces are generalizations of the
spaces H∞ (R) introduced by the second author in [26]. The spaces Bψ,∞ (R) are
nuclear countably Hilbert spaces. We show that Bψ,∞ (R) is the natural domain
for an operator of type P (∂) for a suitable ψ. Under mild hypotheses, we show
that (P (∂), Bψ,∞ (R)) has a closed extension to C0
(
Qnp ,R
)
(the R-vector space
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of bounded continuous functions vanishing at infinity) which is the generator of a
Feller semigroup, see Theorem 2. We also study the following Cauchy problem:
(1.1)


∂u
∂t
(x, t) = P (∂)u(x, t) + f(x, t), t ∈ [0, T ], x ∈ Qnp ;
u(x, 0) = h(x) ∈ Bψ,∞ (R) .
is well-posed and find explicitly the corresponding semigroup, which is a Feller
semigroup, see Theorem 3.
Equations of type (1.1) appeared as master equations in several models that
describe the dynamics of certain hierarchic complex systems, see e.g. [2]-[3], [8],
[16] and the references therein. From a physical perspective, it is expected that all
these master equations should describe the evolution of a probability density, our
results show that this is, indeed, the case for a large class of symbols.
An interesting open problem consists in extending the results presented here
to the case of symbols of type p (x, t, ξ) =
∑m
j=1 bj(x, t)ψj (ξ), where the ψj :
Qnp → R+ are radial, continuous, negative definite functions and the coefficients
bj : Q
n
p × R+ → R+ are positive functions satisfying some suitable condition.
The article is organized as follows. In Section 2, we collect some basic results
on the p-adic analysis and fix the notation that we will use through the arti-
cle. In Section 3, we collect some known results on positive definite and negative
definite functions on Qnp and show the existence of certain ‘exotic’ negative defi-
nite functions in non-Archimedean setting. In Section 4, we construct the spaces
Bψ,l(Q
n
p ,C), Bψ,∞(Q
n
p ,C). The space Bψ,∞(R) is densely and continuously em-
bedded in C0(Q
n
p ,R), see Lemma 2. In Section 5, we recall the Yosida-Hille-Ray
Theorem in the setting of (Qnp , || · ||p). Moreover, we introduce a new class of pseu-
dodifferential operators attached to negative definite functions. We show that these
operators have a closed extensions which are the generators of a Feller semigroups,
see Theorem 2. In Section 6, we study the Cauchy problem (1.1), see Theorem 3.
2. Fourier Analysis on Qnp : Essential Ideas
2.1. The field of p-adic numbers. Along this article p will denote a prime num-
ber. The field of p−adic numbers Qp is defined as the completion of the field of
rational numbers Q with respect to the p−adic norm | · |p, which is defined as
|x|p =


0 if x = 0
p−γ if x = pγ a
b
,
where a and b are integers coprime with p. The integer γ := ord(x), with ord(0) :=
+∞, is called the p−adic order of x.
Any p−adic number x 6= 0 has a unique expansion of the form
x = pord(x)
∞∑
j=0
xjp
j ,
where xj ∈ {0, 1, 2, . . . , p− 1} and x0 6= 0. By using this expansion, we define the
fractional part of x ∈ Qp, denoted {x}p, as the rational number
{x}p =


0 if x = 0 or ord(x) ≥ 0
pord(x)
∑−ordp(x)−1
j=0 xjp
j if ord(x) < 0.
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In addition, any non-zero p−adic number can be represented uniquely as x =
pord(x)ac (x) where ac (x) =
∑∞
j=0 xjp
j , x0 6= 0, is called the angular component of
x. Notice that |ac (x)|p = 1.
We extend the p−adic norm to Qnp by taking
||x||p := max
1≤i≤n
|xi|p, for x = (x1, . . . , xn) ∈ Q
n
p .
We define ord(x) = min1≤i≤n{ord(xi)}, then ||x||p = p−ord(x). The metric space(
Qnp , || · ||p
)
is a complete ultrametric space, which is a totally disconnected topo-
logical space. For r ∈ Z, denote by Bnr (a) = {x ∈ Q
n
p ; ||x − a||p ≤ p
r} the ball
of radius pr with center at a = (a1, . . . , an) ∈ Qnp , and take B
n
r (0) := B
n
r . Note
that Bnr (a) = Br(a1) × · · · × Br(an), where Br(ai) := {x ∈ Qp; |xi − ai|p ≤ p
r} is
the one-dimensional ball of radius pr with center at ai ∈ Qp. The ball Bn0 equals
the product of n copies of B0 = Zp, the ring of p−adic integers of Qp. We also
denote by Snr (a) = {x ∈ Q
n
p ; ||x − a||p = p
r} the sphere of radius pr with center at
a = (a1, . . . , an) ∈ Qnp , and take S
n
r (0) := S
n
r . We notice that S
1
0 = Z
×
p (the group
of units of Zp), but
(
Z×p
)n
( Sn0 . The balls and spheres are both open and closed
subsets in Qnp . In addition, two balls in Q
n
p are either disjoint or one is contained
in the other.
As a topological space
(
Qnp , || · ||p
)
is totally disconnected, i.e. the only connected
subsets of Qnp are the empty set and the points. A subset of Q
n
p is compact if and
only if it is closed and bounded in Qnp , see e.g. [23, Section 1.3], or [1, Section 1.8].
The balls and spheres are compact subsets. Thus
(
Qnp , || · ||p
)
is a locally compact
topological space.
We will use Ω (p−r||x− a||p) to denote the characteristic function of the ball
Bnr (a). We will use the notation 1A for the characteristic function of a set A. Along
the article dnx will denote a Haar measure on Qnp normalized so that
∫
Znp
dnx = 1.
2.2. Some function spaces. A complex-valued function ϕ defined on Qnp is called
locally constant if for any x ∈ Qnp there exist an integer l(x) ∈ Z such that
ϕ(x + x′) = ϕ(x) for x′ ∈ Bnl(x).
A function ϕ : Qnp → C is called a Bruhat-Schwartz function (or a test function) if it
is locally constant with compact support. The C-vector space of Bruhat-Schwartz
functions is denoted by D := D(Qnp ). Let D
′ := D′(Qnp ) denote the set of all
continuous functional (distributions) on D. The natural pairing D′(Qnp )×D(Q
n
p )→
C is denoted as (T, ϕ) for T ∈ D′(Qnp ) and ϕ ∈ D(Q
n
p ), see e.g. [1, Section 4.4].
Every f ∈ L1loc(Q
n
p ) defines a distribution f ∈ D
′
(
Qnp
)
by the formula
(f, ϕ) =
∫
Qnp
f (x)ϕ (x) dnx.
Such distributions are called regular distributions.
We will denote by DR := DR(Qnp ), the R-vector space of test functions, and by
D′R := D
′
R(Q
n
p ), the R-vector space of distributions.
Given ρ ∈ [0,∞), we denote by Lρ := Lρ
(
Qnp
)
:= Lρ
(
Qnp , d
nx
)
, the C−vector
space of all the complex valued functions g satisfying
∫
Qnp
|g (x)|ρ dnx <∞, and L∞
:= L∞
(
Qnp
)
= L∞
(
Qnp , d
nx
)
denotes the C−vector space of all the complex valued
functions g such that the essential supremum of |g| is bounded. The corresponding
R-vector spaces are denoted as LρR := L
ρ
R
(
Qnp
)
= LρR
(
Qnp , d
nx
)
, 1 ≤ ρ ≤ ∞.
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Denote by C(Qnp ) the C-vector space of all complex-valued continuous functions.
Set
C0(Q
n
p ,C) :=
{
f : Qnp → C; f is continuous and lim
||x||p→∞
f(x) = 0
}
,
where lim||x||p→∞ f(x) = 0 means that for every ǫ > 0 there exists a compact subset
B(ǫ) such that |f(x)| < ǫ for x ∈ Qnp\B(ǫ). We recall that (C0(Q
n
p ,C), || · ||L∞) is a
Banach space. The corresponding R-vector space will be denoted as C0(Q
n
p ,R).
2.3. Fourier transform. Set χp(y) = exp(2πi{y}p) for y ∈ Qp. The map χp(·) is
an additive character on Qp, i.e. a continuous map from (Qp,+) into S (the unit
circle considered as multiplicative group) satisfying χp(x0 + x1) = χp(x0)χp(x1),
x0, x1 ∈ Qp. The additive characters of Qp form an Abelian group which is iso-
morphic to (Qp,+), the isomorphism is given by ξ → χp(ξx), see e.g. [1, Section
2.3].
Given x = (x1, . . . , xn), ξ = (ξ1, . . . , ξn) ∈ Qnp , we set x · ξ :=
∑n
j=1 xjξj . If
f ∈ L1 its Fourier transform is defined by
(Ff)(ξ) =
∫
Qnp
χp(ξ · x)f(x)d
nx, for ξ ∈ Qnp .
We will also use the notation Fx→ξf and f̂ for the Fourier transform of f . The
Fourier transform is a linear isomorphism from D(Qnp ) onto itself satisfying
(2.1) (F(Ff))(ξ) = f(−ξ),
for every f ∈ D(Qnp ), see e.g. [1, Section 4.8]. If f ∈ L
2, its Fourier transform is
defined as
(Ff)(ξ) = lim
k→∞
∫
||x||p≤pk
χp(ξ · x)f(x)d
nx, for ξ ∈ Qnp ,
where the limit is taken in L2. We recall that the Fourier transform is unitary on
L2, i.e. ||f ||L2 = ||Ff ||L2 for f ∈ L
2 and that (2.1) is also valid in L2, see e.g. [19,
Chapter III, Section 2].
The Fourier transform F [T ] of a distribution T ∈ D′
(
Qnp
)
is defined by
(F [T ] , ϕ) = (T,F [ϕ]) for all ϕ ∈ D(Qnp ).
The Fourier transform T → F [T ] is a linear isomorphism from D′
(
Qnp
)
onto itself.
Furthermore, T = F [F [T ] (−ξ)]. We also use the notation Fx→ξT and T̂ for the
Fourier transform of T.
3. Positive Definite and Negative Definite Functions on Qnp
In this section, we collect some results about positive definite and negative defi-
nite functions that we will use along the article, we refer the reader to [4] for further
details.
We denote by N, the set of nonnegative integers.
Definition 1. A function ϕ : Qnp → C is called positive definite, if∑m
i=1
∑m
j=1ϕ(xi − xj)λiλj ≥ 0
for all m ∈ N\{0}, x1, . . . , xm ∈ Qnp and λ1, . . . , λm ∈ C. Here, λj denotes the
complex conjugate of λj .
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The set of positive definite functions on Qnp is denoted as P(Q
n
p ) and the subset
of P(Qnp ) consisting of the continuous positive definite functions on Q
n
p is denoted
as CP(Qnp ). The following assertions hold: (i) P(Q
n
p ) is a convex cone which is
closed in the topology of pointwise convergence on Qnp ; (ii) if ϕ1, ϕ2 ∈ P(Q
n
p ), then
ϕ1ϕ2 ∈ P(Qnp ); the non-negative constant functions belong to P(Q
n
p ); (iii) CP(Q
n
p )
is a convex cone which is a closed subset of the set of continuous complex-valued
functions in the topology of compact convergence cf. [4, Proposition 3.6].
Example 1. (i) We set R+ := {x ∈ R : x ≥ 0}. Let J : Qnp → R+ be a
radial (i.e. J(x) = J(||x||p)) and continuous function. In addition, we assume
that
∫
Qnp
J(||x||p)dnx = 1. By a direct calculation one verifies that Ĵ(ξ) is a radial,
continuous and positive definite function on Qnp and moreover |Ĵ(||ξ||p)| ≤ 1.
(ii) The additive character x → χp(x · α), for α ∈ Qnp , is a continuous, positive
definite (complex-valued) function on Qnp , see e.g. [4, p. 13].
Definition 2. A function ψ : Qnp → C is called negative definite, if
(3.1)
∑m
i=1
∑m
j=1
(
ψ(xi) + ψ(xj)− ψ(xi − xj)
)
λiλj ≥ 0
for all m ∈ N\{0} , x1, . . . , xm ∈ Qnp and λ1, . . . , λm ∈ C.
We denote byN (Qnp ) the set of negative definite functions on Q
n
p and by CN (Q
n
p )
the set of continuous negative definite functions on Qnp . The following assertions
hold: (i) N (Qnp ) is a convex cone which is closed in the topology of pointwise
convergence on Qnp ; (ii) The non-negative constant functions belong to N (Q
n
p ); (iii)
CN (Qnp ) is a convex cone which is closed in the topology of compact convergence
on Qnp , cf. [4, Proposition 7.4].
Furthermore, if ψ : Qnp → R is negative definite function, then ψ(−x) = ψ(x)
and ψ(x) ≥ ψ(0) ≥ 0 for all x ∈ Qnp , see e.g. [4, Proposition 7.5].
Example 2. Let J : Qnp → R+ the function given in Example 1-(i). By using
Corollary 7.7 in [4, Theorem 7.8], the function Ĵ(0) − Ĵ(||ξ||p) = 1 − Ĵ(||ξ||p) is
negative definite. On the other hand, we have that 0 ≤ 1 − Ĵ(||ξ||p) ≤ 2, ξ ∈ Qnp ,
see e.g. [21, Lemma 1-(i)].
Example 3. In [18], see also [15], Rodr´ıguez-Vega and Zu´n˜iga-Galindo considered
the following Cauchy problem:
(3.2)


∂u
∂t
(x, t) + a(DβTu)(x, t) = f(x, t), t ∈ (0, T0], x ∈ Q
n
p
u(x, 0) = ϕ(x),
where a, β, T0 are positive real numbers, and (D
β
Th)(x) = F
−1
ξ→x(||ξ||
β
pFx→ξh) is
the Taibleson operator. They established that e−at||ξ||
β
p ∈ L1(Qnp ) for t > 0, and
that Z(x, t) = F−1ξ→x(e
−at||ξ||βp ), for a, t > 0, is a transition function of a Markov
process with space state Qnp , cf. [18, Proposition 1 and Theorem 2]. By using a
theorem due to Bochner, see [4, Theorem 3.12], the function e−at||ξ||
β
p , for t > 0, is
positive definite, and by a theorem due to Schoenberg, see [4, Theorem 7.8], a||ξ||βp
is a negative definite function, for any β > 0.
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Example 4. Take m ∈ N\{0} and let bj, j = 1, . . . ,m, be positive real numbers.
Let 0 < α1 ≤ . . . ≤ αm be positive constants. Consider the function
(3.3) q(ξ) =
∑m
j=1
bj ||ξ||
αj
p ,
for ξ ∈ Qnp . By Example 3, and the fact that N (Q
n
p ) is a convex cone, q(ξ) is radial,
continuous, negative definite function.
Remark 1. (i) It is relevant to mention that the type of functions given in (3.3),
with some αj > 2, occurs only in the non-Archimedean setting, since any function
ψ : Rn → R locally bounded and negative definite, satisfies
|ψ(ξ)| ≤ Cψ(1 + ||ξ||
2
R),
for some Cψ > 0 and for all ξ ∈ Rn, see e.g. [12, Lemma 3.6.22].
(ii) Let h (y) =
∑∞
j=0 ajy
j, aj ∈ R+, be a convergent series in R+, which defines
a non-constant function. By using Example 3 and the fact that N (Qnp ) is closed in
the pointwise topology, it follows that h (||x||p) =
∑∞
j=0 aj||x||
j
p is a negative definite
function.
Lemma 1. (i) Let ψ : Qnp → C be a negative definite function such that ξ → [ψ (ξ)]
j
is also a negative definite function for any j ∈ N. Then eψ(ξ) is a negative definite
function. (ii) Set ψ0 (ξ) :=
∑∞
j=1 cj ||ξ||
αj
p with cj ≥ 0, αj ∈ N such that the real
series
∑∞
j=1 cjy
αj defines a non-constant real function. Then for any j ∈ N\{0},
(3.4) ee
..
.eψ0(ξ)
, j − powers
is a continuous and negative definite function on Qnp .
Proof. By the hypothesis, ψm :=
∑m
j=0
1
j! [ψ(ξ)]
j
, m ∈ N, is negative definite, and
since N (Qnp ) is closed in the pointwise topology, we have that e
ψ(ξ) is negative
definite. By using Remark 1-(ii), ψ0 (ξ) =
∑∞
j=1 cj ||ξ||
αj
p is negative definite, and
[ψ0(ξ)]
k
=
(∑∞
j=1 cj||ξ||
αj
p
)k
=
∑∞
j=1 dj ||ξ||
βj
p , with dj = dj (k) ≥ 0, βj = βj (k) ∈
N, is also negative definite function. By the first part eψ0(ξ) is negative definite. By
induction on j we obtain (3.4). 
Negative definite functions of form (3.4) can only occur in the non-Archimedean
setting.
From now on, ψ : Qnp → C (or R) denotes a radial, continuous and negative defi-
nite function. We consider three subclasses of negative definite functions, however,
we do not expect that this classification be complete.
Definition 3. ψ : Qnp → C (or R) is called of type 0, if there exists a positive
constant C := C(ψ) such that
|ψ(||ξ||p)| ≤ C, for all ξ ∈ Q
n
p .
Definition 4. ψ : Qnp → C (or R) is called of type 1, if there exist positive constants
C0(ψ) := C0, C1(ψ) := C1, β0 (ψ) := β0 ∈ R+\{0} and β1 (ψ) := β1 ∈ R+\{0},
with β1 ≥ β0, such that
C0 [max {1, ||ξ||p}]
β0 ≤ max{1, |ψ(||ξ||p)|} ≤ C1 [max {1, ||ξ||p}]
β1 ,
for all ξ ∈ Qnp .
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Definition 5. ψ : Qnp → C (or R) is called of type 2, if for all β ≥ 1, there is a
positive constant C := C(ψ,β) such that
max {1, |ψ(||ξ||p)|} > C [max {1, ||ξ||p}]
β
, for all ξ ∈ Qnp .
4. Function Spaces Related to Negative Definite Functions
Along this section ψ : Qnp → C denotes a negative definite, radial and continuous
function of type 1 or 2, unless otherwise stated. In addition, we will assume that
(4.1) 0 < sup
ξ∈Znp
|ψ(||ξ||p)| ≤ 1.
This condition is achieved by multiplying ψ by a suitable positive constant. Con-
dition (4.1) implies that
(4.2) ϕl (x) := [max {1, |ψ(||ξ||p)|}]
l, l ∈ N, is a locally constant function,
more precisely, ϕl (x+ x
′) = ϕl (x) for any x
′ ∈ Znp .
In this section, we introduce two classes of function spaces related to ψ, namely
Bψ,l (C), l ∈ N, and Bψ,∞ (C). These spaces are generalizations of the spacesHC(l),
l ∈ N, and HC(∞) introduced by Zu´n˜iga-Galindo in [26], see also [24]. The results
presented in this section can be established by using the techniques presented in
[26], [24].
For ϕ, γ ∈ D(Qnp ), and l ∈ N, we define the following scalar product:
〈ϕ, γ〉ψ,l =
∫
Qnp
[max {1, |ψ(||ξ||p)|}]
lϕ̂(ξ)γ̂(ξ)dnξ,
where the bar denotes the complex conjugate. We also set
||ϕ||2ψ,l := 〈ϕ, ϕ〉ψ,l .
Notice that || · ||ψ,l ≤ || · ||ψ,m for l ≤ m. Let us denote by Bψ,l (C) := Bψ,l(Qnp ,C)
the completion of D(Qnp ) with respect to 〈·, ·〉ψ,l . Then Bψ,m (C) →֒ Bψ,l (C) (con-
tinuous embedding) for l ≤ m.
We set
Bψ,∞ (C) := Bψ,∞(Q
n
p ,C) = ∩l∈NBψ,l (C) .
Notice that Bψ,0 (C) = L
2(Qnp ) and D(Q
n
p ) ⊂ Bψ,∞ (C) ⊂ L
2(Qnp ). With the
topology induced by the family of seminorms {|| · ||ψ,l}l∈N, Bψ,∞ (C) becomes a
locally convex topological space, which is metrizable. Indeed,
dψ(f, g) := max
l∈N
{
2−l
||f − g||ψ,l
1 + ||f − g||ψ,l
}
, with f, g ∈ Bψ,∞,
is a metric for the topology of Bψ,∞ (C) considered as a locally convex topological
space. A sequence {fl}l∈N in (Bψ,∞ (C) , dψ) converges to f ∈ Bψ,∞ (C) if and only
if, {fl}l∈N converges to f in the norm || · ||ψ,l for all l ∈ N. From this observation, it
follows that the topology on Bψ,∞ (C) coincides with the projective limit topology
τP . An open neighborhood base at zero of τP is given by the choice of ǫ > 0 and
l ∈ N, and the set
Uǫ,l := {f ∈ Bψ,∞; ||f ||ψ,l < ǫ}.
The space Bψ,∞ (C) endowed with the topology τP is a countable Hilbert space
in the sense of Gel’fand and Vilenkin, see e.g. [11, Chapter I, Section 3.1] or [17,
Section 1.2]. Furthermore (Bψ,∞ (C) , τP ) is metrizable and complete and hence a
Fre´chet space cf. [26, Lemma 3.3]. If ψ = || · ||p, then Bψ,l (C) coincides with the
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space HC(l), respectively, Bψ,∞ (C) coincides with the space HC(∞), where HC(l)
and HC(∞) are the spaces introduced in [26], see also [24].
Remark 2. We will denote by Bψ,l(R) := Bψ,l(Q
n
p ,R), for all l ∈ N, and by
Bψ,∞(R) := Bψ,∞(Q
n
p ,R) the R-vector spaces constructed from DR(Q
n
p ). It is clear
that Bψ,l(R) →֒ Bψ,l(C), l ∈ N, and that Bψ,∞(R) →֒ Bψ,∞(C), where ‘→֒’ means
continuous embedding.
Lemma 2. The following assertions hold:
(i) the completion of the metric space (D(Qnp ), dψ) is (Bψ,∞ (C) , dψ), which is a
nuclear countably Hilbert space;
(ii) Bψ,l(C) = {f ∈ L2; ||f ||ψ,l <∞} = {T ∈ D′
(
Qnp
)
; ||T ||ψ,l <∞};
(iii) Bψ,∞(C) = {f ∈ L2; ||f ||ψ,l <∞ for every l ∈ N};
(iv) Bψ,∞(C) = {T ∈ D′
(
Qnp
)
; ||T ||ψ,l <∞ for every l ∈ N};
(v) Bψ,∞(C) is densely and continuously embedded in C0(Q
n
p ,C);
(vi) Bψ,∞(R) is densely and continuously embedded in C0(Q
n
p ,R);
(vii) Bψ,∞(C) ⊂ L1. In particular, f̂ ∈ C0(Qnp ,C) for f ∈ Bψ,∞(C).
Remark 3. The condition T ∈ D′
(
Qnp
)
, ||T ||ψ,l < ∞ assumes implicitly that T̂
is a regular distribution. The equalities (ii)-(iv) in Lemma 2 are in the sense of
vector spaces. The statements (i)-(iv) are valid for the spaces DR(Qnp ), Bψ,l(R) and
Bψ,∞(R).
Proof. (i) The proof is similar to [26, Lemma 3.4 and Theorem 3.6].
(ii) Take f ∈ Bψ,l(Qnp ), then there exists a sequence {fn}n∈N in D
(
Qnp
)
such
that fn
||.||ψ,l
→ f for any l ∈ N, i.e.
[max {1, |ψ(||ξ||p)|}]
l
2 f̂n
||.||
L2→ [max {1, |ψ(||ξ||p)|}]
l
2 f̂ .
By taking l = 0 and using that L2 is complete, we have f̂ ∈ L2, i.e. f ∈ L2.
Conversely, take f ∈ L2 such that [max {1, |ψ(||ξ||p)|}]
l
2 f̂ ∈ L2. By using the fact
that D
(
Qnp
)
is dense in L2, there exists a sequence {fm}m∈N in D
(
Qnp
)
such that
fm ||.||L2
−−−→
[max {1, |ψ(||ξ||p)|}]
l
2 f̂ . We now define gm (ξ) :=
fm(−ξ)
[max{1,|ψ(||ξ||p)|}]
l
2
∈
D
(
Qnp
)
, see (4.2). Then ĝm ||.||ψ,l
−−−→
f, for any l ∈ N, i.e. f ∈ Bψ,l(Qnp ). The
other equality follows from the fact that T ∈ L2, ||T ||ψ,l < ∞ ⇔ T ∈ D′
(
Qnp
)
,
||T ||ψ,l <∞.
(iii) and (iv) are an immediate consequence of (ii).
(v) By using the fact that 1[max{1,||ξ||p}]r ∈ L
1 for r > n, one verifies that
(4.3)
1
[max {1, |ψ(||ξ||p)|}]l
∈ L1 if


ψ is of type 1 and l > n
β0
ψ is of type 2 and l ≥ 1.
Take f ∈ Bψ,∞(C) with ψ of type 1. By using the Cauchy-Schwarz inequality and
(4.3), we have for all l > n
β0
,∫
Qnp
∣∣∣f̂(ξ)∣∣∣ dnξ = ∫
Qnp
1
[max {1, |ψ(||ξ||p)|}]
l
2
[max {1, |ψ(||ξ||p)|}]
l
2
∣∣∣f̂(ξ)∣∣∣ dnξ
≤ C||f ||ψ,l.
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Thus f̂ ∈ L1, and since the Fourier transform of a function in L1 is uniformly
continuous, now by the Riemann-Lebesgue theorem, we obtain that f ∈ C0(Qnp ,C),
i.e. Bψ,∞ ⊂ C0(Qnp ,C). In addition,
(4.4) ||f ||L∞ ≤ ||f̂ ||L1 ≤ C||f ||ψ,l for l >
n
β0
.
Since the topology of Bψ,∞ comes from the metric dψ, the continuity of the embed-
ding Bψ,∞ → C0(Qnp ,C) follows from (4.4), by using a standard argument based
in sequences.
The proof is similar for functions ψ of type 2.
(vi) By (i) and Remark 3, and (v), we have
DR
(
Qnp
)
→֒ Bψ,∞(R) →֒ Bψ,∞(C) →֒ C0(Q
n
p ,C),
which implies that Bψ,∞(R) →֒ C0(Qnp ,R). Finally, we recall that DR
(
Qnp
)
is dense
in C0(Q
n
p ,R).
(vii) The proof of the fact Bψ,∞(C) ⊂ L1 uses the same argument given [26] for
Theorem 3.15-(ii). Then, by the Riemann-Lebesgue theorem, f̂ ∈ C0(Qnp ,C) for
f ∈ Bψ,∞(C). 
Recall that HC(l) = Bψ,l(C) and HC(∞) = Bψ,∞(C) when ψ=|| · ||p, see [26],
[24].
Lemma 3. Bψ,∞(C) →֒ HC(∞).
Proof. By definition of the classes type 1 or 2,
(4.5) ||ϕ||ψ,l ≥ C(ψ, l)||ϕ||l for ϕ ∈ D
(
Qnp
)
and l ∈ N.
By using the density of D
(
Qnp
)
in (Bψ,l(C), || · ||ψ,l), we conclude that Bψ,l(C) ⊆
HC(l) for any l ∈ N. Consequently Bψ,∞(C) ⊆ HC(∞). To check the continuity of
the identity map, we use that if fn
dψ
→ f, i.e. fn
||·||ψ,l
→ f , for all l ∈ N, then by (4.5)
fn
||·||l
→ f for any l ∈ N, which means that the sequence {fn}n∈N converges to f in
HC(∞). 
5. Pseudodifferential operators and Feller semigroups
5.1. Yosida-Hille-Ray Theorem. We recall the Yosida-Hille-Ray Theorem in the
setting of (Qnp , || · ||p). For a general discussion the reader may consult [9, Chapter
4].
A semigroup {T (t)}t≥0 on C0(Qnp ,R) is said to be positive if {T (t)}t≥0 is a pos-
itive operator for each t ≥ 0, i.e. it maps non-negative functions to non-negative
functions. An operator (A,Dom(A)) on C0(Q
n
p ,R) is said to satisfy the posi-
tive maximum principle if whenever f ∈ Dom(A) ⊆ C0(Qnp ,R), x0 ∈ Q
n
p , and
supx∈Qnp f(x) = f(x0) ≥ 0 we have Af(x0) ≤ 0.
We recall that every linear operator on C0(Q
n
p ,R) satisfying the positive maxi-
mum principle is dissipative, see e.g. [9, Chapter 4, Lemma 2.1].
Theorem 1 (Hille-Yosida-Ray Theorem). [9, Chapter 4, Theorem 2.2] Assume that
(A,Dom(A)) is a linear operator on C0(Q
n
p ,R). The closure A of A on C0(Q
n
p ,R)
is single-valued and generates a strongly continuous, positive contraction semigroup
{T (t)}t≥0 on C0(Qnp ,R) if and only if:
(i) Dom(A) is dense in C0(Q
n
p ,R);
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(ii) A satisfies the positive maximum principle;
(iii) Rank(λI −A) is dense in C0(Qnp ,R) for some λ > 0.
Definition 6. A family of bounded linear operators Tt : C0(Q
n
p ,R) → C0(Q
n
p ,R)
is called a Feller semigroup if
(i) Ts+t = TsTt and T0 = I;
(ii) limt→0 ||Ttf − f ||L∞ = 0 for any f ∈ C0(Qnp ,R);
(iii) 0 ≤ Ttf ≤ 1 if 0 ≤ f ≤ 1, with f ∈ C0(Q
n
p ,R) and for any t ≥ 0.
Theorem 1 characterizes the Feller semigroups, more precisely, if (A,Dom(A))
satisfies Theorem 1, then A has a closed extension which is the generator of a Feller
semigroup.
5.2. Pseudodifferential operators attached to negative definite functions.
Remark 4. Let ψj : Q
n
p → R+ be radial, continuous, negative definite functions
of types 0, 1 or 2, for j = 1, . . . ,m, and let bj be positive real numbers, for j =
1, . . . ,m. To these functions we attach the following symbol:
(5.1) p(ξ) :=
m∑
j=1
bjψj(||ξ||p)
and the pseudodifferential operator
(P (∂)ϕ)(x) = −F−1ξ→x(p(ξ)Fx→ξϕ)
for ϕ ∈ DR(Q
n
p ). Notice that (P (∂)ϕ)(x) = −
∑m
j=1 bj(Dψjϕ)(x), where (Dψjϕ)(x)
= F−1ξ→x(ψj(||ξ||p)Fx→ξϕ) for ϕ ∈ DR(Q
n
p ). Moreover, P (∂) : DR(Q
n
p )→ L
2(Qnp )∩
C(Qnp ).
Remark 5. Notice that p(ξ) defines a real-valued, negative definite function, and
thus F(ut) := e−tp(ξ), t > 0, ξ ∈ Qnp , is a convolution semigroup of measures,
see [4, Theorem 8.3]. The condition p(0) = 0 implies that (ut)t>0 are probability
measures, see [4, Corollary 8.6].
Remark 6. (i) If all the functions ψj appearing in (5.1) are of types 0 or 1 and
there is at least one function ψj of type 1, then p(ξ) is a negative definite, continuous
and radial function in ξ of type 1.
(ii) If all the functions ψj appearing in (5.1) are of types 0, 1 or 2 and there is
at least one function ψj of type 2, then p(ξ) is a negative definite, continuous and
radial function in ξ of type 2.
(iii) In the case (i), there are positive constants C, β, with β ≥ 1, such that
p(ξ) ≤ C[max{1, ||ξ||p}]
β .
We set ψ(||ξ||p) := ||ξ||βp . Notice that max{1,ψ(||ξ||p)} = [max{1, ||ξ||p}]
β. We
attach to P (∂) the space Bψ,∞(R). In the case (ii),
p(ξ) ≤ C
∑
j∈J
ψj(||ξ||p) =: ψ(||ξ||p),
where J is the set of indices j ∈ {1, 2, . . . ,m} for which ψj is of type 2. We attach
to P (∂) the space Bψ,∞(R).
(iv) From now on we will assume that in (5.1) there is at least one function ψj of
type 1 or type 2.
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Remark 7. If ϕ ∈ DR(Qnp ), then (P (∂)ϕ)(x) is a real-valued function, i.e. (P (∂)ϕ)
(x) = (P (∂)ϕ)(x).
Lemma 4. With the conventions and notations introduced in Remark 6, the map-
ping P (∂) : Bψ,∞ (R)→ Bψ,∞ (R) is a well-defined continuous operator.
Proof. In the cases (i)-(ii) of Remark 6, for ϕ ∈ DR
(
Qnp
)
, we have
(5.2) ||P (∂)ϕ||ψ,l ≤ C||ϕ||ψ,l+2,
which implies (by using Remark 7 and the fact that DR
(
Qnp
)
is dense in Bψ,l (R)
for any l) that P (∂) : Bψ,l+2 (R) → Bψ,l (R) is a well-defined continuous mapping
for any l ∈ N, and consequently P (∂) : Bψ,∞ (R) → Bψ,∞ (R) is a well-defined
operator. The continuity is established by using an argument based on sequences
and (5.2). 
Example 5. Take β > 0 and set ψβ
(
‖ξ‖p
)
:= ‖ξ‖βp . Then the operator Dψβ is the
Taibleson operator DβT , see Example 3, which admits the following representation:(
Dψβϕ
)
(x) =
1− pβ
1− p−β−n
∫
Qnp
‖y‖−β−np (ϕ (x− y)− ϕ (x)) d
ny
for ϕ ∈ DR
(
Qnp
)
, see [18]. Notice that −Dψβ satisfies Remark 7 and the positive
maximum principle on DR
(
Qnp
)
. On the other hand, −Dψβϕ = −f−β ∗ ϕ, where
f−β ∈ D′R
(
Qnp
)
is the Riesz kernel. By identifying f−β with a positive measure, we
have ∥∥∥−Dψβϕ∥∥∥
L∞
= ‖−f−β ∗ ϕ‖L∞ ≤ ‖−f−β‖ ‖ϕ‖L∞ ,
where ‖−f−β‖ <∞ is the total variation of −f−β. This implies that −Dψβϕ has
a unique continuous extension to C0
(
Qnp ,R
)
, which satisfies the positive maximum
principle.
Example 6. Set J as in Example 2. Then the function ψJ
(
‖ξ‖p
)
:= 1− Ĵ(||ξ||p)
is negative definite and it satisfies 0 ≤ 1 − Ĵ(||ξ||p) ≤ 2 for ξ ∈ Qnp , which implies
that ψJ
(
‖ξ‖p
)
is of type 0. Then
(
DψJϕ
)
(x) = F−1ξ→x
({
1− Ĵ(||ξ||p)
}
Fx→ξϕ
)
= −
∫
Qnp
J
(
‖x− y‖p
)
(ϕ (y)− ϕ (x)) dny
for ϕ ∈ DR
(
Qnp
)
. Notice that −Dψβ satisfies Remark 7 and the positive maximum
principle. Since ∥∥DψJϕ∥∥L∞ ≤ (1 + ‖J‖L1) ‖ϕ‖L∞ ,
we have DψJϕ has a unique continuous extension to C0
(
Qnp ,R
)
, which satisfies the
positive maximum principle.
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Example 7. Take ψβi
(
‖ξ‖p
)
for i = 1, . . . , l with 0 < β1 < · · · < βl as in
Example 5, and let Ji be functions as in Example 2 for i = l + 1, . . . ,m, and set
ψJi
(
‖ξ‖p
)
:= 1− Ĵi(||ξ||p) as in Example 6. Then
ψ(||ξ||p) :=
l∑
i=1
biψβi
(
‖ξ‖p
)
+
m∑
i=l+1
biψJi
(
‖ξ‖p
)
,
where the bi’s are as before, is a negative definite function of type 1, and it satisfies
ψ(||ξ||p) ≤ Cmax {1, ||ξ||p}
βl . Then the operator
P (∂) = −
l∑
i=1
biDψβi
−
m∑
i=l+1
biDψJi
satisfies Remark 7 and the positive maximum principle.
Lemma 5. For any fixed positive real number λ, the equation
(5.3) (λ− P (∂))u = f, f ∈ Bψ,∞(R),
has a unique solution u in Bψ,∞(R).
Proof. By using that f ∈ L2, we have
û (ξ;λ) =
f̂(ξ)
λ+
∑m
j=1 bjψj(||ξ||p)
:=
f̂(ξ)
λ+H(||ξ||p)
.
We now recall that ψj(||ξ||p) ≥ 0 for any j, see [4, Proposition 7.5 and p. 39], then
inf
ξ
H(||ξ||p) ≥ 0,
and consequently |û (ξ;λ)| ≤
|f̂(ξ)|
λ
. By Lemma 2 (ii)-(iii), u (x;λ) ∈ Bψ,∞(C).
The uniqueness follows from the fact that (λ − P (∂))u = 0 has u = 0 as a unique
solution since Bψ,∞(C) ⊂ C0(Qnp ,C), see Lemma 2 (v). We now show that u (x;λ)
is a real valued function. Recall that
u (x;λ) = lim
k→∞
uk (x;λ) in L
2-sense,
where
uk (x;λ) =
∫
||ξ||p≤pk
χp (−ξ · x) f̂(ξ)
λ+H(||ξ||p)
dnξ.
Claim u (x;λ) = limk→∞ uk (x;λ) in L
2-sense, where the uk (x;λ)’s are real valued
functions.
Then there exists a subsequence of {uk (x;λ)}k∈N converging almost uniformly
to the same limit, which implies that u (x;λ) is a real valued function outside of a
zero measure subset of Qnp . Since u (x;λ) is a continuous function in x, Bψ,∞(C) ⊂
C0(Q
n
p ,C), necessarily u (x;λ) is a continuous function at every x ∈ Q
n
p .
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Proof of the Claim. It is sufficient to show that uk (x;λ) = uk (x;λ) for any
k. Indeed,
uk (x;λ) =
∫
||ξ||p≤pk
χp (ξ · x) f̂(ξ)
λ+H(||ξ||p)
dnξ =
∫
||ξ||p≤pk
χp (ξ · x)
(
F−1f
)
(ξ)
λ+H(||ξ||p)
dnξ
=
∫
||ξ||p≤pk
χp (−ξ · x) f̂(ξ)
λ+H(||ξ||p)
dnξ,
where we used that f̂(ξ) =
(
F−1f
)
(ξ) and
(
F−1f
)
(−ξ) = f̂(ξ) for f ∈ L2. 
Theorem 2. Assume that (P (∂), Bψ,∞ (R)) satisfies the positive maximum princi-
ple. Then the closure (P (∂), Dom(P (∂)) of (P (∂), Bψ,∞ (R)) on C0(Q
n
p ,R) is the
generator of a Feller semigroup.
Proof. We show that (P (∂), Bψ,∞ (R)) satisfies conditions (i) and (iii) in the Hille-
Yosida-Ray’s theorem, see Theorem 1. By Lemma 4, P (∂) : Bψ,∞ (R)→ Bψ,∞ (R)
is a well-defined continuous operator, and by Lemma 2-(vi), Bψ,∞ (R) is densely
and continuously embedded in C0(Q
n
p ,R). For the third condition, Lemma 5 implies
that the rank of λ− P (∂) is Bψ,∞ (R) which is dense in C0(Qnp ,R). 
6. Parabolic-Type Equations
Let T > 0 and let f(x, t) : Qnp × [0, T ]→ R such that f(x, ·) : [0, T ]→ C0(Q
n
p ,R),
let bj be positive real numbers, for j = 1, . . . ,m, and consider
P (∂) : Bψ,∞ (R) → Bψ,∞ (R)
g −→ −
∑m
j=1 bjDψjg.
Our aim is to study the following initial value problem:
(6.1)


u(x, ·) ∈ C([0, T ], Bψ,∞ (R)) ∩ C1([0, T ], C0(Qnp ,R));
∂u
∂t
(x, t) = P (∂)u(x, t) + f(x, t), t ∈ [0, T ], x ∈ Qnp ;
u(x, 0) = h(x) ∈ Bψ,∞ (R) .
The proof of the following lemma is included for the sake of completeness.
Lemma 6. The operator P (∂) : Dom(P (∂))→ C0(Qnp ,R) is m−dissipative.
Proof. We first verify that
(
P (∂), Dom(P (∂))
)
is dissipative, i.e.
(6.2)
∥∥∥(1− λP (∂))u∥∥∥
L∞
≥ ‖u‖L∞
for u ∈ Dom(P (∂)). Take functions u, v such that P (∂)u = v, then there exist a
sequences {um}m∈N in Bψ,∞ (R) and {vm}m∈N in C0(Q
n
p ,R) such that um → u,
vm → v, and P (∂)um = vm. Since P (∂) is dissipative, cf. [9, Chapter 4, Lemma
2.1], we have
(6.3) ‖(1− λP (∂)) um‖L∞ ≥ ‖um‖L∞ .
Now (6.2) follows from (6.3) by taking the limit m→∞.
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To show that
(
P (∂), Dom(P (∂))
)
is m−dissipative, we show that there exists
λ > 0 such that for all f ∈ C0(Qnp ,R), there exists a solution u ∈ Dom
(
P (∂)
)
of(
1− λP (∂)
)
u = f , cf. [5, Proposition 2.2.6]. Since Bψ,∞(R) is dense in C0(Q
n
p ,R),
there exists a sequence {fm}m∈N in Bψ,∞(R) such that fm || · ||ψ,l−−−−→
f , for any l ∈ N,
now by using the density of DR
(
Qnp
)
in Bψ,∞(R), there exists a sequence {gm}m∈N
in DR
(
Qnp
)
such that ‖fm − gm‖ψ,l ≤
1
m
, thus gm || · ||ψ,l
−−−−→
f and since Bψ,∞(R)
→֒ C0(Qnp ,R) by Lemma 2 (vi), we get that gm || · ||L∞−−−−→
f . For each gm, there
exists um ∈ Bψ,∞ (R) such that for any λ > 0,
(
1− λ−1P (∂)
)
λum = gm, i.e.
P (∂)um = λum − gm, cf. Lemma 5.
Claim. The sequence {um}m∈N is Cauchy in Bψ,l(R) for any l ∈ N, i.e. is
Cauchy in Bψ,∞(R).
By the Claim, um → u ∈ Bψ,∞ (R) →֒ C0(Qnp ,R) for some u. Therefore,
P (∂)u = λu− f , i.e.
(
1− λ−1P (∂)
)
λu = f .
Proof of the Claim.
By using that
ûm (ξ;λ) =
ĝm(ξ)
λ+
∑m
j=1 bjψj(||ξ||p)
,
we have
|ûm (ξ;λ) − ûn (ξ;λ)| ≤
|ĝm(ξ)− ĝn(ξ)|
λ
,
which implies that ‖um (ξ;λ)− un (ξ;λ)‖ψ,l ≤
1
λ
||gm(ξ) − gn(ξ)||ψ,l for any l ∈
N, and since gm || · ||ψ,l
−−−−→
f , for any l ∈ N, the sequence {um}m∈N is Cauchy in
Bψ,∞(R). 
Lemma 7. Assume that at lest one of the following conditions hold:
(i) f(x, ·) ∈ L1((0, T ), Bψ,∞ (R));
(ii) f(x, ·) ∈W 1,1((0, T ), C0(Qnp ,R)).
Then the initial value problem (6.1) has a unique solution of the form
u(x, t) = T (t)h(x) +
∫ t
0
T (t− s)f(x, s)ds, for all t ∈ [0, T ],
where (T (t))t≥0 is the Feller semigroup associated to the operator P (∂).
Proof. It follows from [5, Lemma 4.1.1], [5, Corollary 4.1.2] and [5, Proposition
4.1.6], by using the fact that P (∂) is m-dissipative. 
Consider the following Cauchy problem:
(6.4)


u(x, ·) ∈ C([0, T ], Bψ,∞ (R)) ∩ C1([0, T ], C0(Qnp ,R));
∂u
∂t
(x, t) = P (∂)u(x, t),
u(x, 0) = u0(x) ∈ D
(
Qnp ,R
)
.
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We define p(ξ) =
∑m
j=1 bjDψjg,
u(x, t) =
∫
Qnp
χp (−x · ξ) e
−tp(ξ)û0(ξ)d
nξ, for x ∈ Qnp and t ≥ 0,
and
Z(x, t) = F−1ξ→x(e
−tp(ξ)) in D′
(
Qnp
)
, for x ∈ Qnp and t ≥ 0.
Notice that u(x, t) = F−1ξ→x(e
−tp(ξ)) ∗ u0(x) in D′
(
Qnp
)
, for x ∈ Qnp and t ≥ 0.
Lemma 8. The function u(x, t) defined above satisfies the following conditions:
(C1) u(x, ·) ∈ C([0, T ], Bψ,∞ (R)) ∩ C1([0, T ], C0(Qnp )) and the derivative is given
by
(6.5)
∂u
∂t
(x, t) = −
∫
Qnp
χp (−x · ξ) p(ξ)e
−tp(ξ)û0(ξ)d
nξ;
(C2) u(x, ·) ∈ L1(Qnp ) ∩ L
2(Qnp ) for any t ≥ 0, and
(6.6) P (∂)u(x, t) = −
∫
Qnp
χp (−x · ξ) p(ξ)e
−tp(ξ)û0(ξ)d
nξ.
Furthermore u(x, ·) is a solution of the initial value problem (6.4).
Proof. The result is proved through the following claims:
Claim 1. u(x, ·) ∈ C([0, T ], Bψ,∞ (R))
We first show that u(·, t) ∈ Bψ,∞ (R) for all t ≥ 0. By using that u(x, t) =
F−1ξ→x(e
−tp(ξ))∗u0(x) inD′
(
Qnp
)
. This convolution exists because u0(x) has compact
support, then
(6.7) û(ξ, t) = e−tp(ξ)û0(ξ) in D
′
(
Qnp
)
for t ≥ 0. Now
||u(·, t)||2ψ,l =
∫
Qnp
[max(1,ψ(||ξ||p))]
l|û(ξ, t)|2dnξ
≤
∫
Qnp
[max(1,ψ(||ξ||p))]
l|û0(ξ)|
2dnξ = ||u0||
2
ψ,l,
i.e. ||u(·, t)||ψ,l ≤ ||u0||ψ,l, for any l ∈ N, which implies that u(·, t) ∈ Bψ,∞ (R) for
all t ≥ 0.
We now verify that
lim
t→t0
||u(x, t)− u(x, t0)||
2
ψ,l = 0 for any l ∈ N,
which implies the continuity of u(·, t). The verification of this fact is done by using
(6.7) and the dominated convergence theorem.
Claim 2. u(x, ·) ∈ C1([0, T ], C0(Qnp )) and
∂u
∂t
(x, t) is given by (6.5).
Set
ht(x) :=
∫
Qnp
χp (−x · ξ) p(ξ)e
−tp(ξ)û0(ξ)d
nξ, for x ∈ Qnp and t ≥ 0.
Notice that for any t ≥ 0 fixed, and any x ∈ Qnp fixed, p(ξ)e
−tp(ξ)û0(ξ) is an inte-
grable function in ξ, and thus by the Riemann-Lebesgue theorem ht(x) ∈ C0(Q
n
p )
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for any t ≥ 0 fixed. Now, by applying the mean value theorem we have
e−tp(ξ) − e−t0p(ξ)
t− t0
= −p(ξ)e−τ(x)p(ξ),
for some τ(x) between t and t0. So that
lim
t→t0
∥∥∥∥u(x, t)− u(x, t0)t− t0 + ht(x)
∥∥∥∥
L∞
= lim
t→t0
∥∥∥∥∥∥
∫
Qnp
χp (−x · ξ)
{
e−tp(ξ) − e−t0p(ξ)
}
û0(ξ)d
nξ
t− t0
+ ht(x)
∥∥∥∥∥∥
L∞
= lim
t→t0
∥∥∥∥∥−
∫
Qnp
χp (−x · ξ) p(ξ)e
−τ(x)p(ξ)û0(ξ)d
nξ + ht(x)
∥∥∥∥∥
L∞
= lim
t→t0
∥∥∥∥∥−
∫
Qnp
χp (−x · ξ) p(ξ)û0(ξ)
[
e−τ(x)p(ξ) − e−tp(ξ)
]
dnξ
∥∥∥∥∥
L∞
Now, when t→ t0, τ(x)→ t, so that
lim
t→t0
∥∥∥∥u(x, t)− u(x, t0)t− t0 + ht(x)
∥∥∥∥
L∞
= 0.
Claim 3. The assertion (C2) holds.
Indeed, since u0 has compact support
e−tp(ξ)û0, p(ξ)e
−tp(ξ)û0(ξ) ∈ L
1(Qnp ) ∩ L
2(Qnp ),
and thus P (∂)u(x, t) = −F−1ξ→x(p(ξ)Fx→ξu(x, t)). 
Theorem 3. Assuming that operator P (∂) satisfies the positive maximum princi-
ple. Then the Cauchy problem
(6.8)


u(x, ·) ∈ C([0, T ], Bψ,∞ (R)) ∩ C1([0, T ], C0(Qnp ,R));
∂u
∂t
(x, t) = P (∂)u(x, t) + f(x, t)
u(x, 0) = u0(x) ∈ Bψ,∞ (R) ,
where f(x, t) is a function satisfying the assumptions of Lemma 7, has a unique
solution given by
u(x, t) = Zt(x) ∗ u0(x) +
∫ t
0
Zt−s(x)f(x, s)ds
for all t ∈ [0, T ]. Furthermore,
C0(Q
n
p ,R) −→ C0(Q
n
p ,R)
h 7−→ Zt(x) ∗ h(x),
for t ≥ 0, gives rise to a Feller semigroup.
Proof. Set
(̥(t)u)(x) = Zt(x) ∗ u(x), for t ≥ 0, u ∈ DR
(
Qnp
)
.
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By using Lemmas 7, 8,
T (t) |DR(Qnp )
= ̥(t) |DR(Qnp )
for t ≥ 0.
Now, since
‖̥(t)u‖L∞ = ||Zt ∗ u||L∞ ≤ ||Zt||M ||u||L∞ ,
where ||Zt||M denotes the total variation of the finite Borel measure Zt, and since
DR
(
Qnp
)
is dense in C0(Q
n
p ,R), we conclude T (t) = ̥(t) for t ≥ 0. Finally, by
Theorem 2, ̥(t) gives rise to a Feller semigroup. 
Remark 8. With the hypotheses of Theorem 2 and assuming that p(0) = 0, we
obtain the existence of a Le´vy process (Xt)t≥0 with state space Q
n
p , such that Zt(x) =
PXt−X0(x), where PXt−X0 denotes the distribution of the random variable Xt−X0.
This result follows from [10, Section 2], since Zt is a convolution semigroup such
that Zt → δ0 weakly as t→ 0+.
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